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Abstract 

We study sets of finite perimeter in Wiener space, and prove that at almost every 
point (with respect to the perimeter measure) a set of finite perimeter blows-up to 
a halfspace. 



> 

o 1 Introduction 

m 

The theory of sets of finite perimeter and BV functions in Wiener spaces, i.e., Banach 
spaces endowed with a Gaussian Borel probability measure 7, was initiated by Fukushima 
and Hino in [9J QUI E], and has been further investigated in [T2J [TJ |2J |3j- 

The basic question one would like to consider is the research of infinite-dimensional 
analogues of the classical fine properties of BV functions and sets of finite perimeter in 
finite-dimensional spaces. The class of sets of finite Gaussian perimeter E in a Gaussian 
& • Banach space (X, 7) is defined by the integration by parts formula 



d h (j)d^ = - I (pd(D 7 XE,h) H + / (fihdj 

E J X J E 

for all cf) G Cl(X) and h G H. Here H is the Cameron-Martin space of (X, 7) and D^xe 
is a if- valued measure with finite total variation in X. 

When looking for the counterpart of De Giorgi's and Federer's classical results to 
infinite-dimensional spaces, it was noticed in [3] that the Ornstein-Uhlenbeck 

TtXeix) := / Xe^x + y/l - e- 2t y) dj(y) 
Jx 
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can be used to rephrase the notion of density, the main result of that paper being 



lim 

40 



x 



TtXE ~ 



(L\D 1 xe\ = 0. 



According to this formula, we might say that |.D 7 xe| is concentrated on the set of points 
of density 1/2, where the latter set is not defined using volume ratio in balls (as in the 
finite-dimensional theory), but rather the Ornstein-Uhlenbeck semigroup. 

In this paper we improve (CQ) as follows (we refer to Section [231 for the notation relative 
to halfspaces): 



Theorem 1.1. Let E be a set of finite perimeter in (X, 7) and let S(x) 
halfspaces determined by Ve{x). Then 



S, 



lim 

40 




x Jx 



XE[e x 



-2t„ 



y) - XS(x)(y) di(y) d\D 7 XE\(x) 



0. 



be the 



(2) 



A nice interpretation of this result can be obtained stating it in terms of the Gaussian 
rescaled sets 

E — e~ l x 



E 



x,t 



=-2f ' 



namely 



lim 

40 



x 



\XE x , t - XS(a:)||£l(7) «|^ 7 



d\D^XE\ 



X 



0. 



(3) 



Clearly, if we pull the modulus out of the integral in (T5]) we recover (CQ), because the 
measure of halfspaces is 1/2 and T t x E (x) = j(E Xtt ). More specifically, ([3]) formalizes the 
fact, established by De Giorgi in finite dimensions, that on small scales a set of finite 
perimeter is close to an halfspace at almost every (w.r.t. surface measure). 

The proof of ([3]) relies mainly on a combination of the careful finite-dimensional esti- 
mates of [3] with a variant of the cylindrical construction performed in [T2] (with respect 
to [12], here we use of the reduced boundary instead of the essential boundary of the 
finite-dimensional sections of E). 



2 Preliminary results 

We assume that (X, || • ||) is a separable Banach space and 7 is a Gaussian probability 
measure on the Borel cx-algebra of X. We shall always assume that 7 is nondegenerate 
(i.e., all closed proper subspaces of X are 7-negligible) and centered (i.e., J x xdj = 0). 
We denote by H the Cameron-Martin subspace of X, that is 

H := y^f(x)xd 7 (x) : / G L 2 (X, 7 )| , 
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and, for h G H, we denote by h G L 2 (X, 7) the Fomin derivative of 7 along ft,, namely 

f d h <f>dj=- [ Hd 1 (4) 
Jx J x 

for all G C^pT). Here and in the sequel Cl{X) denotes the space of continuously 
differentiable cylindrical functions in X, bounded and with a bounded gradient. The 
space H can be endowed with a Hilbertian norm \ ■ \h that makes the map h 1— )■ h an 
isometry; furthermore, the injection of (H, | • \h) into (X, || • ||) is compact. 
We shall denote by H G H the subset of vectors of the form 

/ (x*,x)xdj(x), x* G X* . (5) 
Jx 

This is a dense (even w.r.t. to the Hilbertian norm) subspace of H. Furthermore, for 
h G H the function h(x) is precisely (x*,x) (and so, it is continuous). 

Given an m-dimensional subspace F C H we shall frequently consider an orthonormal 
basis {hi, . . . , h m } of F and the factorization X = F © Y, where Y is the kernel of the 
continuous linear map 

m 

x G X ^ U F (x) := k{x)hi G F. (6) 

i=l 

The decomposition x = Uf{x) + (x — Up(x)) is well defined, thanks to the fact that 
o H F = H F and so x — H F {x) G Y] in turn this follows by hi(hj) = (hi, hj) L 2 = Sij. 
Thanks to the fact that \hi\n = 1, this induces a factorization 7 = 'Jf^Iy, with 7^ the 

standard Gaussian in F (endowed with the metric inherited from H) and 7y Gaussian in 

(Y, || • ||). Furthermore, the orthogonal complement F 1 - of F in H is the Cameron-Martin 

space of (Y, jy). 



2.1 BV functions and Sobolev spaces 

Here we present the definitions of Sobolev and BV spaces. Since we will consider bounded 
functions only, we shall restrict to this class for ease of exposition. 

Let u : X — > R be a bounded Borel function. Motivated by ([41) , we say that u G 
W 1 ' 1 (X, 7) if there exists a (unique) if- valued function, denoted by Vw, such that |Vw|j? G 
L\X,i) and 

/ udh4>d^ = — I 0(Vm, K)h d'y + / utphd^ 
Jx Jx Jx 

for all G C\{X) and h G H. 



3 



Analogously, following [101 EH], we say that u G BV (X, 7) if there exists a (unique) 
if-valued Borel measure D^u with finite total variation in X satisfying 

/ udh4>d^ = — I (f)d{D 1 u, h) H + / u<phd^f 
Jx Jx Jx 

for all G Cl(X) and h E H . 

In the sequel we will mostly consider the case when u = \e '■ X — ?• {0, 1} is the 
characteristic function of a set E, although some statements are more natural in the 
general BV context. Notice the inclusion VT 1 ' 1 (X, 7) C BV(X, 7), given by the identity 
D^u = Vu 7. 



2.2 The OU semigroup and Mehler's formula 

In this paper, the Ornstein-Uhlenbeck semigroup T t f will always be understood as defined 
by the pointwise formula 

TJ(x):= [ fte-'x + VT^FZy)^^) (7) 
Jx 

which makes sense whenever / is bounded and Borel. This convention will be important 
when integrating T t f against potentially singular measures. 

We shall also use the dual OU semigroup T 4 *, mapping signed measures into signed 
measures, defined by the formula 

(T t */i, 4>) := / T t <fid[i 4> bounded Borel. (8) 
Jx 

In the next proposition we collect a few properties of the OU semigroup needed in the 
sequel (see for instance [1] for the Sobolev case, and [2] for the BV case). 

Proposition 2.1. Let u : X — > R be bounded and Borel, and t > 0. Then T t u G 
W l ' x {X^) and: 

(a) if u G W 1 ' 1 (X, 7) then, componentwise, it holds VT t u = e~ t T t Vu; 

(b) if u E BV(X, 7) then, componentwise, it holds VT t u^ = e~'T t * (D^u) . 

The next result is basically contained in [U Proposition 5.4.8], see also [21 Proposi- 
tion 2.2] for a detailed proof. We state it in order to emphasize that, 7y-a.e. y G Y, the 
regular version of the restriction of T t f to y + F (provided by the above proposition) is 
for precisely the one pointwise defined in Mehler's formula. 

Proposition 2.2. Let u be a bounded Borel function and t > 0. With the above notation, 
for 7y-a.e. y G Y the map z i— > T t u(z,y) is smooth in F. 
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The next lemma provides a rate of convergence of T t u to u when u belongs to BV(X, 7); 
the proof follows the lines of the proof of Poincare inequalities, see [3], Lemma 2.3], [U 
Theorem 5.5.11]. 

Lemma 2.3. Let u e BV{X,j). Then 

\u(x) - u{e- l x + y/l - e~ 2t y)\ dj(x)d~/(y) < c t \D^u\(X) (9) 




x J x 



with c t := y f J yf==5; ds, c t ~ as 1 1 0. In particular 

\T t u — u\ dj < ct\D y u\(X). 



L 



X 

Let us now recall the fundamental facts about sets of locally finite perimeter E in W m . 
De Giorgi called reduced boundary of E the set TE of points in the support of 
satisfying 

3 v E [x) := hm— and ^b(x) = 1. 

By Besicovitch theorem, |-DX-e| is concentrated on TE and Dxe = ^e\Dxe\- The main 
result of [6] are: first, the blown-up sets 

E — x , . 
(10) 

r 

converge as r 1 locally in measure, and therefore in L 1 (G m ^f m ), to the halfspace S„ E ( X ) 
having ve as inner normal; second, this information can be used to show that TE is 
countably y m ~ x -rectifiable, namely there exist countably many C 1 hypersurfaces Tj C M. m 
such that 

y m (TE\{Jr^ =0. 

In the following results we assume that (X, 7) is an m-dimensional Gaussian space; 
if we endow X with the Cameron-Martin distance d, then (X, 7, d) is isomorphic to 
(M m ,G m= Sf m , || • ||), || • || being the euclidean distance. Under this isomorphism, we have 
D-yXE = G m DxE whenever E has finite Gaussian perimeter, so that is finite on 

bounded sets and E has locally finite Euclidean perimeter. Since this isomorphism is 
canonical, we can and shall use it to define TE also for sets with finite perimeter in 
(X, 7) (although a more intrinsic definition along the lines of the appendix of [3] could be 
given) . 

Having in mind the Ornstein-Uhlenbeck semigroup, the scaling (flOj) now becomes 

/-:,, ;= E " e ~ tx , (U) 



e 



-2t ' 
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so that 

TtXE(x) = i(E X)t ). 

It corresponds to the scaling ({TO]) with r = \/l — e~ 2t ~ y2t and with eccentric balls, 
whose eccentricity equals x[e~ l — 1). Since e~ l — 1 = 0(t) = o(r), this eccentricity has not 
effect in the limit and allows to rewrite, arguing as in [3j Proposition 3.1], the Euclidean 
statement in Gaussian terms: 

Proposition 2.4. Let (X, 7) be an m- dimensional Gaussian space and E C X of finite 
Gaussian perimeter. Then, for \D 1 xe\-°>-^- x £ X the rescaled sets E X)t in f llip converge 
in L 2 {pf) to S VE (x). 

This way, we easily obtain the finite-dimensional version of Theorem 11.11 
As in [3J, the following lemma (stated with the outer integral in order to avoid mea- 
surability issues) plays a crucial role in the extension to infinite dimensions: 

Lemma 2.5. Let (X, 7) be a finite-dimensional Gaussian space, let (Y, J 7 , fx) be a prob- 
ability space and, for t > and y e Y , let g t , y : X — > [0, 1] be Borel maps. Assume also 
that: 

(a) {o~ y } y& Y are positive finite Borel measures in X, with §yO~ y (X) dfx(y) finite; 

(b) o y = G m S /fim ~ 1 \-T y for fi-a.e. y, with T y countably ^ fim ~ 1 -rectifiable. 
Then 

limsup / / T t g tt y(x) dcr y (x)d(x(y) < limsup— = / / g t>y (x) dj(x)d/j,{y). (12) 
40 Jy J x 40 ytjY J x 

The proof, given in detail in [3j Lemma 3.4], relies on the heuristic idea that in an 
m-dimensional Gaussian space (X, 7), for the adjoint semigroup T t * (i.e. the one acting 
on measures) we have 

VtT;(G m ,y m - l ^v) < (1 + o(i)) 7 

whenever r is a C 1 hypersurface. This is due to the fact in the case when T is flat, i.e. 
T is an affine hyperplane, the asymptotic estimate above holds, and that for a non-flat 
surface only lower order terms appear. In the flat case, using invariance under rotation 
and factorization of the semigroup (see the next section) one is left to the estimate of 
VtT t *a when X = R and a is a Dirac mass. Then, considering for instance a = So, a 
simple computation gives 

VtT;(G m (0)5o) = i-^e-^V < -4=7 + as 1 1 0. 
^7T y/l — e~ 2t 2v27r 

(See the proof [3j Lemma 3.4] for more details.) 
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2.3 Factorization of T t and D^u 

Let us consider the decomposition X = F © Y , with F d H finite-dimensional. Denoting 
by Tf and Tj the OU semigroups in F and Y respectively, it is easy to check (for instance 
first on products of cylindrical functions on F and Y, and then by linearity and density) 
that also the action of T t can be "factorized" in the coordinates x = (z, y) G F x Y as 
follows: 

T t f(z,y) = Tf{w i y T t F f(;w)(z))(y) (13) 

for any bounded Borel function /. 

Let us now discuss the factorization properties of D^u. First of all, we can write 
D^u = u u \D 7 u\ with u u : X — > H Borel vectorfield satisfying \v u \h = 1 \D y u\-&.e. 
Moreover, given a Borel set B, define 

B y :={zEF: (z,y)eB}, B z := {y EY : (^)efl}. 

The identity 

f \ix F {u u )\d\D lU \ = [ \D, F u(-,y)\(B y )d lY (y) (14) 

J B JY 

is proved in (2j Theorem 4.2] (see also [1] [12] for analogous results), where 7Tp : if — > F is 
the orthogonal projection. Along the similar lines, one can also show the identity 

/ \7r F ±(u u )\ d|L> 7 w| = / \Dyyu(z, -)\(B Z ) dj F (z) (15) 

J B J F 

with 7Ti7 + 7T F ± = Id. In the particular case u = xe, with the notation 

E y :={zeF: (z, y) e E} , E z :={yeY: (z, y) G E} (16) 
the identities ( fT4l) and ( IT5l) read respectively as 



f \7T F (u E )\d\D lX E\= [ \D lF x Ey \(B y )d lY (y) for all B Borel, (17) 

J B JY 

[ \7t F ^ E )\d\D jX E\= [ \D lY x Ez \{B z )d lF {z) for all B Borel (18) 

J B J F 

with D 7 X£; = Ve\DjXe\- 

Remark 2.6. Having in mind (|T71) and ( llSp . it is tempting to think that the formula 
holds for any orthogonal decomposition of H (so, not only when F C H), or even when 
none of the parts if finite-dimensional. In order to avoid merely technical complications 
we shall not treat this issue here because, in this more general situation, the "projection 
maps" x i — y y and x i— y z are no longer continuous. However, the problem can be solved 
removing sets of small capacity, see for instance [8] for a more detailed discussion. 



7 



2.4 Finite-codimension Hausdorff measures 

Following [8J, we start by introducing pre-Hausdorff measures which, roughly speaking, 
play the same role of the pre-Hausdorff measures J? 7 / 1 in the finite-dimensional theory. 

Let F C H be a finite-dimensional subspace of dimension m, and for k e N, < k < m, 
we define (with the notation of the previous section) 

y™- k (B):=[ [ G m dy m - k d lY {y) for all B Borel, (19) 

JY J By 

where G m is the standard Gaussian density in F (so that J5^~° = 7). It is proved in 
[5] that y f B G m dy m ~ k is 7y-measurable whenever B is Suslin (so, in particular, 
when B is Borel), therefore the integral makes sense. The first key monotonicity property 
noticed in [8], based on [7J 2.10.27], is 

y™- k (B) < ,9>™- k {B) whenever FcGcH, 

provided y m ~ k in f|T9|) is understood as the spherical Hausdorff measure of dimension 
m — k in F. This naturally leads to the definition 

y°°- k (B) := sup^°- fc (5), B Borel, (20) 

F 

where the supremum runs among all finite-dimensional subspaces F of H. Notice however 
that, strictly speaking, the measure defined in ( 1201) does not coincide with the one in [8], 
since all finite-dimensional subspaces of H are considered therein. We make the restriction 
to finite-dimensional subspaces of H for the reasons explained in Remark 12.61 However, 
still y" x '~ k is defined in a coordinate-free fashion. 

These measures have been related for the first time to the perimeter measure D^xe i n 
|12j . Hino defined the F-essential boundaries (obtained collecting the essential boundaries 
of the finite-dimensional sections E y C F x {y}) 

d* F E := {(z,y) : zed*E y } (21) 

and noticed another key monotonicity property (see also [2] Theorem 5.2]) 

yp'~ l (d* F E \ d* G E) = whenever F C G C H. (22) 

Then, choosing a sequence F = {F\, F 2 , . . .} of finite-dimensional subspaces of H whose 
union is dense he defined 

y™-i ■= S up y F -\ d* F E := liminf d* Fn E, (23) 

and showed that 

\D, X E\=y?- 1 Ld F E. (24) 

In order to prove our main result we will follow Hino's procedure, but working with 
the reduced boundaries in place of the essential boundaries. 



8 



2.5 Halfspaces 

Let h G H and h be its corresponding element in L 2 (X, 7). Then there exist a linear 
subspace X C X such that "f(X \ X ) = and a representative of h which is linear in 
Xq. Indeed, let h n — >■ h in L 2 (X, 7) with /i n G X*. It is not restrictive to assume that 
h n — > h 7-a.e. in X, so if we define 

Xq := jrr G X : fo n (x) is a Cauchy sequence | 

we find that X is a vector space of full 7-measure and that the pointwise limit of h n 
provides a version of h, linear in Xq. 

Having this fact in mind, it is natural to define halfspaces in the following way. 

Definition 2.7. Given a unit vector h G H we shall denote by Sh the halfspace having h 
as "inner normal", namely 

Sh :— |x G X : h{x) > o} . (25) 

Proposition 2.8. For any Sh halfspace it holds 'j(Sh) = 1/2, P(Sh) = a/1/(27t), and 
Dxs h — h\D\s h \- Furthermore, the following implication holds: 

lim \h n - h\ = lim X s hn =Xs h - 

Proof. Let us first show that convergence of h n to h implies convergence of the corre- 
sponding halfspaces. Since for all e > it holds 

{h n > 0}\{h > 0} C ({hn > 0}\{h > -e})u{h G (-e,0)} C {\h n -h\ > e}U{h G (s,0)} 
and since the convergence of h n to h in L 2 (X, 7) implies "y({\h n — h\> e}) — > we obtain 
limsup 7 ({/i n > 0} \ {h > 0}) < 7(^ 1 (-£,0)). 

Now, since h has a standard Gaussian law and e is arbitrary it follows that ^{{h n > 
0}\{h > 0}) — > 0. A similar argument (because the laws of all h n are standard Gaussian) 
yields ^({h > 0} \ {h n > 0}) ->• 0. 

Now, if 7 is the standard Gaussian in X = H = M. n and Sh is a halfspace, it is 
immediate to check that 7(6^) = 1/2. In addition, since D y xs h = h\D^xs h \ an d h(x) = 
(h, x), we can use E = Sh and (f) = 1 in the integration by parts formula 



d h (j)d-f+ / (f) d(h, D 7 xe) = hdj 

J X J E 



to get I^^KX) = J s ^(h,x)dx = \f\~j (2tt). By a standard cylindrical approximation 

we obtain that ■y(Sh) = \, Sh has finite perimeter, and Dxs h = h\Dxs h \ in the general 
case. □ 
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2.6 Convergence to halfspaces 

In this section we prove Theorem 11.11 We consider an increasing family of subspaces 
F n C H and, for any n, we consider the corresponding decomposition x = (xi,^) with 
X\ G F n and x 2 G Y n . Denote by 7 = 7„ x 7^ the corresponding factorization of 7. Then, 
adapting the definition of boundary given in Hino's work [T2] (with reduced in place of 
essential boundary) we define 

ThE := liminf B n where B n = {x = (xi,x 2 ) : X\ G J-E X2 } 



71— >00 



(recall that E x , 2 = {xi G F n : (xi,x 2 ) G -E}). We also set C n = r\ m > n B m , so that C n 
J-jjS as n — >■ 00. Recall that by pljl the measure <r n := |7r^ n (z/£;)||D 7 X£;| is concentrated 
on B n , because by De Giorgi's theorem the derivative of finite-dimensional sets of finite 
perimeter is concentrated on the reduced boundary. Since a n is nondecreasing with respect 
to n, a n is concentrated on all sets B m with m > n, and therefore on C n . It follows that 
I^Xsl = sup n cr n is concentrated on TnE, one of the basic observations in [T2] . 

Let us denote by v n {x) = v n { x i-i x 2) the approximate unit normal to E™ 2 at x\. No- 
tice that, in this way, u n is pointwise defined at all points x G B n and D ln \E X2 = 
v n (x)\D ln XE X2 1 (again by De Giorgi's finite-dimensional result). Since the identity (an 
easy consequence of Fubini's theorem) 

k F (D 7 Xe) = D lnXEx2 ln 

and the definition of v n give 

^F n ^E)\D 7 XE\ = D ln XE X2 ln = »n\D ln XE X2 \ln 

we can use (jHJ) once more to get 

^F n {^E)\D 1 XE\ = v n \Tr Fn (y E )\\D^XE\, 

so that v n = Tt Fn {v E )) /\Tt Fn {v E )\ a n -a.e. in X. Since a n f \D^xe\ as n —> 00, it follows 
that on each set C n the function v m is defined for m > n, and converges to v E as m — > 00 
|.D 7 X£|-a.e. on C n . Then, Proposition 12.81 and the convergence of v n give 



71— i-OO 



lim / / \xs vn -XSuJdjd<7n = 0. (26) 



In addition, by the finite-dimensional result of convergence to half spaces, we get 



lim 

40 




x JF n 



XE X2 (e *xi + Vl - e- 2t x[) - Xs„ n(x) ( x 'i) rf 7n(xi) da n (x) = 0, (27) 
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where S Un is the projection of S Vn on F n . Now, notice that S Un = S Un x Y n , since u n E F. 
This observation, in combination with f|26|) . gives that 



lim sup 

40 J X J X 




Xe X2 (e *xi + VI - e- 2t x\) - xs„ 



e( x ) 



X 



d-f(x') da n (x) 



is infinitesimal as n — > 00. Therefore to prove ([2]) it suffices to show that 



lim sup 

40 J x J x 




XE x Ae *aci + y/l - e" 2 'xi) - Xe(c l x + vT- e-^ar 



d r y(x') da n (x) 



(28) 

is infinitesimal as n — > 00. 

In order to show this last fact, using again a n = \D Jn XE X2 |7n> we can write the 
expression as 

limsup / / T t Fn g t (xi,x 2 )d\D 7n XE X2 \{x 1 )d^{x 2 ) 

40 JY n JF n 



with g t (xi,x 2 ) := f Yn \xe(xi,x' 2 ) - X£(xi,e _ *x 2 + a/1 - e~ 2 V 2 )| cfy^^). As in [5] we 
now use Lemma \2. 51 and the rectifiability of the measures \D ln XE x . 2 | to bound the limsup 
above by 

limsup / / — — ^ — c?7n(a;i) c?7n (^2)- (29) 



40 iy n Jf„ aA 
Now we integrate w.r.t. 7„ the inequality (ensured by <Q) 



Yn 



g t (x 1 ,x 2 )d^(x 2 ) < cVt\D y ±x Exi \{y n 



valid for all X\ such that E Xl has finite perimeter in (Y n , 7^), to bound the limsup in ( 129|) 

by 

c/ \D^±x Exi \(Y n ) dr/nixx) = c / I^MI 
Since |7Tp 4- as n — > 00, this concludes the proof. 
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